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The homogeneous and composite multi-channel beams are a typical three-dimensional inﬁnite boundary problem. For
the cracks in such structures, a very simple method to determine the stress intensity factors has been proposed by using a
new concept of the crack surface widening energy release rate and the principle of virtual work. This kind of the energy
release rate can be deﬁned by the curved surface integral and the work done by the external loads. From the present dis-
cussions a series of the stress intensity factors are derived for the channel and multi-channel beams. Additionally, the stress
intensity factor for the cracked T beam can be evolved from the present results for multi-channel beams.
 2006 Elsevier Ltd. All rights reserved.
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The channel beam, as a special case of multi-channel beam, is widely used in engineering structure. The
existence of defects and cracks is usually inevitable and should cause unexpected failure. One of the relevant
fracture parameters is the stress intensity factor, which represent intensiﬁcation of the stress and strain in
vicinity of the crack tip. However, because channel beam is a typical three-dimensional ﬁnite boundary
problem, it is very diﬃcult to get the exact solutions of stress intensity factor by using the existing classical
methods. In recent years, the G*-integral theory was proposed by Xie et al. (1998a), which is derived from
the three-dimensional conservation law and the principle of virtual work. Because of the ﬁnite boundary crack
problem, the G*-integral method greatly facilitates the analysis of stress intensity factors (Xie et al., 1998a,b,
2001, 2004a,b; Xie, 1998, 2000). Diﬀerent from the traditional structural beam such as channel beams, the
multi-channel beams are inﬁnite boundary problem. It is also diﬃcult to get the closed form of solutions of
the stress intensity factors.0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.12.004
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is that J and G*-integral theories yield KI using diﬀerent components of stress and strains for the same crack
problem. Taking the cracked beam for example (Xie et al., 1998a), stress and strain ﬁelds needed in J-integral
method should be usually determined by numerical analysis. The stress and strain ﬁelds needed in G*-integral
method can be given by only the bending theory in mechanics of materials (Xie et al., 1998a,b, 2001, 2004a,b;
Xie, 1998, 2000). The second one is that G*-integral can be easily used to determine the stress intensity factors
for multi-cracks in the same cross-sectional area (Xie, 2000). The third one is that G*-integral can be applied to
not only the three-dimensional ﬁnite boundary cracked bodies, but also the three-dimensional inﬁnite bound-
ary problem for getting the closed form of the solution. The fourth one is that the application of G*-integral
shows a better ﬂexibility than the other methods such as the work (Martin et al., 1997; Wang, 1995). Diﬀerent
previous work (Xie et al., 1998a,b, 2001, 2004a,b; Xie, 1998, 2000), the present paper will discuss the theoret-
ical progress about the G*-integral and give a useful application of G*-integral in the cracked three-dimension-
al inﬁnite boundary solids, such as the multi-channel beam with periodic cracks.2. Crack conﬁguration
The crack conﬁgurations for a channel beam and multi-channel beam are schematically shown in Fig. 1.
Fig. 1(a) and (b) shows the typical channel beam with web and ﬂange cracks. Fig. 1(c) and (d) gives a multi-
channel beam with periodic web and ﬂange cracks. The following sections will give details about the analysis
of the stress intensity factors for the cracked homogeneous and composite channel beams.3. Three-dimensional G*-integral
Consider a three-dimensional deformation ﬁeld for which the displacement ui depends on x1, x2 and x3.
Based on the conservation law (Budiansky and Rice, 1973; Eshelby, 1951; Rice, 1968; Sih, 1969), the three-
dimensional G*-integral or crack surface widening energy release rate, is similar to the two-dimensional one
(Xie et al., 1998a), can be deﬁned asFig. 1.
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Crack conﬁgurations in the cross-sectional area for channel beam. The a denotes the crack length. (a) Web-cracked beam; (b)
-cracked beam; (c) Local cross-sectional area of the multi-channel beam with periodic web-cracks; (d) Local cross-sectional area
eriodic ﬂange-cracks.
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Z Z
X
ðwn2  T iui;2ÞdX: ð1ÞThe X in Eq. (1) is one of the crack surfaces or a curved surface, boundary which is the rim of the crack. The
axis x2 is perpendicular to X. These two surfaces construct a closed curved one (Xie, 2000; Xie et al., 2001). w
is the strain energy density; Ti the stress vector acting on the outer side of X, n the unit outward normal to X.
Referring to Figs. 3 and 4, the meaning of the G*-integral is the energy release rate per unit translation of crack
surface Xdi in the x2-direction or crack surface widening energy release rate when it is used to solve crack
problems.
For a two-dimensional deformation ﬁeld, the counterpart of Eq. (1), the crack mouth widening energy
release rate (Xie et al., 1998a), isG ¼
Z
s
ðwn2  T iui;2Þds; ð2Þwhere s in Eq. (2) is a curve in the x1  x2 plane. For Mode I crack with a unit thickness, shown in Fig. 2, let s
in Eq. (2) represent to the path sdef next to the upper crack tip region. Note that sde is a straight line and sef is a
quarter of a circle. Along the path sde and sef, Eq. (2) yieldsZ
sde
ðwn2  T iui;2Þds ¼ 0 ð3Þand Z
sef
ðwn2  T iui;2Þds ¼ ð1 l
2ÞK2I
2pE
ðPlane strainÞ: ð4ÞThe details on Eqs. (3) and (4) were given in reference (Xie et al., 1998a). For a closed path s = sde + sef  sdf,
»s(wn2  Tiui,2)ds = 0 from the conservation law (Budiansky and Rice, 1973; Eshelby, 1951; Rice, 1968; Sih,
1969). It follows thatI
s
ðwn2  T iui;2Þds ¼
Z
sdef
ðwn2  T iui;2Þds
Z
sdf
ðwn2  T iui;2Þds ¼ ð1 l
2ÞK2I
2pE

Z
sdf
ðwn2  T iui;2Þds
¼ 0; ð5Þ
thenG ¼
Z
sdf
ðwn2  T iui;2Þds ¼ ð1 l
2ÞK2I
2pE
: ð6ÞEq. (6) can be interpreted as the energy release rate per unit moving of the boundary sdf in x2-direction or the
crack mouth widening energy release rate. l is Poisson’s ratio and E the elastic modulus.
4. Channel beam with web crack under lateral loads and tension
A web-cracked channel beam is shown in Fig. 3. The x2–x3 plane in Fig. 3 is a symmetrical plane of the
beam, and all the loads act in this plane. Hence, the bending deﬂection will take place in this plane also.d x1
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Fig. 2. Integration path within the K-dominant region around the crack tip.
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Fig. 3. The web-cracked channel beam with one-half symmetry subject to bending and tension for Mode I crack.
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ing moment; N the axial force; the symbol ‘+’denotes the cracked cross-section; ‘’ the remote uncracked
cross-section; yc is the position of neutral axis in cracked cross-sectional area, i.e.,yc ¼
h
2
b1  1
b1
1
1 2ab1b
 1
 !
ð7Þandb1 ¼ 1þ 2
htf
btw
: ð8ÞIn this section, the stress intensity factors can be found by using the crack surface widening energy release rate
calculated by the G*-integral method and elementary method in mechanics of materials.
4.1. Crack surface widening energy release rate based on G*-integral
In the cracked cross-sectional area there is a web-crack and two two-dimensional singular stress ﬁelds dis-
cussed in above section next to the crack tip regions as shown in Figs. 3 and 4. If Xdfgi, shown in Fig. 4, rep-
resents the right surface of the crack in the channel beam, from Eqs. (1) and (6) the crack surface widening
energy release rate can be given by (see Figs. 2–4)G ¼
ZZ
Xdfgi
ðwn2  T iui;2ÞdX ¼ 2tw
Z
sdf
ðwn2  T iui;2Þdsþ
ZZ
Xfg
wdX ¼ twð1 l
2ÞK2I
pE
þ
ZZ
Xfg
wdX: ð9ÞThis expression denotes the energy release rate per unit translation of the crack surface Xdfgi in x2-direction or
the crack surface widening energy release rate.d
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Fig. 4. Local wall of the channel beam around crack.
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When the crack in channel beam is regarded as an elliptical hole illustrated in Fig. 5 under the condition of
c! 0 (Xie et al., 1998b) the cracked channel beam becomes a nonprismatic beam. From bending theory, the
strain energy isU ¼ N
2
2EA
ðl cÞ þ
Z c
0
N 2
2EA
dx2
c1ða=b; x2=cÞ þ
Z c
0
ðMþ  Qþx2  0:5qx22Þ2
2EIc2ða=b; x2=cÞ dx2
þ
Z lc
0
ðM þ Qx2  0:5qx22Þ2
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 2q : ð12ÞMaking use of Clapeyron’s theorem, the work done by the external loads, V = 2U; potential energy
P = U  V, then the crack surface widening energy release rate can also be given by the following equation
from the elementary theory in mechanics of materials.G ¼ lim
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Fig. 5. An elliptical hole model for cracked channel beam (c! 0) (Xie et al., 1998b).
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775: ð15ÞAdditionally, from equilibrium condition, Eq. (13) can be rearranged asG ¼ N
2
2EA
c1
a
b
 
 1
h i
þ ðM
þÞ2
2EI
c2
a
b
 
 ½M
þ  Nyc2
2EI
: ð16Þ4.3. Stress intensity factors
Eqs. (9) and (16) represent the crack surface widening energy release rate based on the diﬀerent deﬁnitions,
but the results should be identical. Equating the two expressions leads to the following result:tw 1 l2ð ÞK2I
pE
þ
Z Z
Xfg
wdX ¼ N
2
2EA
c1
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b
 
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h i
þ ðM
þÞ2
2EI
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 ½M
þ  Nyc2
2EI
: ð17ÞBecause the free action of the crack surface and Xfg is out of the K-dominant regions of the crack tips, the
integral in left-hand side of Eq. (17) is a small quantity, which can be neglected. Hence, stress intensity factor
isKI ¼ p
2twð1 l2Þ
N 2
A
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þ ðM
þÞ2
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 ðM
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" #( )1=2
: ð18ÞEq. (18) indicates that the stress intensity factor depends only on the axial force N, bending moment M+ in
cracked cross-sectional area and geometric factors c1(a/b) and c2(a/b) for the channel beam. Actually, Eq. (18)
represents a series of closed form solutions of stress intensity factors for a cracked channel beam under dif-
ferent loads such as bending, tensions, three-point-bending, distributed loads and combined loads. In the case
of pure bending, Eq. (18) becomesKI ¼ rbo
ﬃﬃﬃﬃﬃ
pb
p
f
a
b
 
; ð19Þwhere the bending stress at the remote cross-sectional area rbo ¼ Myo=I , yo ¼ h2  b11b1 , the measure from bottom
of the beam to neutral axis for the remote cross-sectional area. Then the normalized stress intensity factorf
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¼ b1
6ð1 l2Þ
3þ b1
b1  1
c2
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b
 
 1
  1=2
: ð20ÞIn the case of tension, M+ = Nyc and the stress intensity factor isKI ¼ rto
ﬃﬃﬃﬃﬃ
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p
f
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 
; ð21Þwhere the tension stress at the remote cross-sectional area rto ¼ N=A, and normalized stress intensity factorf
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a
b
 
 1þ 3ðb1  1Þ
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1 1
1 2ab1b
 !2
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5
8<
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9=
;
1=2
: ð22ÞFigs. 6 and 7 show the comparisons of Eqs. (20) and (22) with the results of the ﬁnite element method (FEM).
In FEM analysis, ANSYS8.0 Finite Element Package had been used and the 8-node structural shell element
had been selected. Around the crack tip, we used a highly-reﬁned mesh and the crack tip was surrounded by
six-node triangular quarter-point elements. More than 20 thousands nodes and 12 thousands elements had
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Fig. 6. Stress intensity factor for web-cracked channel beam under bending, h = b, tf = tw and tw/h = 0.1.
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4836 Y.J. Xie et al. / International Journal of Solids and Structures 44 (2007) 4830–4844been used for meshing the beam. Meanwhile, when the number of the node was doubled, the relative errors of
the stress intensity factor did not decreased substantially. Stress intensity factors were computed using a dis-
placement extrapolation method with the crack–ﬂank displacements.
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A ﬂange-cracked channel beam is illustrated in Fig. 8. There are two singular stress ﬁelds next to the tips of
two cracks. Similar to the discussion in above section, the position of the neutral axis in the cracked cross-sec-
tional area isyc ¼
h
2b2
1 1
a
h
 2
1 ab2h
" #
; ð23Þwhereb2 ¼ 1þ
btw
2htf
ð24Þand the crack surface widening energy release rate can be given by (see Figs. 2 and 8)G ¼ 2
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wdX ð25Þbased on the G*-integral.
Because the cracked channel beam can be regarded as a slender nonprismatic member as shown in Fig. 8,
the strain energy isU ¼ N
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: ð28ÞFrom the bending theory of beams, the crack surface widening energy release rate isG ¼ lim
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Fig. 9. Stress intensity factor for edge-cracked channel beam under bending, h = b, tf = tw and tw/h = 0.1.
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: ð32ÞSimilar to Eq. (18), Eq. (32) is also a universal form of the stress intensity factors for the ﬂange-cracked
channel beam under lateral loads and tension. For pure bending, Eq. (32) becomesKI ¼ rbo
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; ð33Þwhere the normalized stress intensity factorf
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: ð36ÞFigs. 9 and 10 show the comparisons of Eqs. (34) and (36) with the results of EFM, respectively.5. Cracked multi-channel beam
Crack conﬁgurations of cracked beam with m channels are schematically shown in Figs. 11 and 12. This
section will derive the stress intensity factors and discuss some special results under the condition of m!1.5.1. Web-cracked multi-channel beam
Similar to Section 4, for multi-channel beam with m periodic web-cracks shown in Fig. 11 the crack surface
widening energy release rate can be calculated by G*-integral and elementary method, respectively
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Fig. 10. Stress intensity factor for edge-cracked channel beam under tension, h = b, tf = tw and tf/b = 0.1.
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: ð41Þ5.2. Flange-cracked multi-channel beam
In this section, a multi-channel beam with m + 1 ﬂange-cracks shown in Fig. 12 is studied. There are m + 1
singular plane stress ﬁelds next to crack tips. In the same way as the analysis of web-cracked multi-channel
beam, it is not diﬃcult to gettf ðmþ 1Þð1 l2ÞK2I
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: ð45Þ5.3. Some discussions on cracked multi-channel beams
Obviously, when m = 1 for multi-channel beam, the Eq. (41) and Eq. (45) become Eq. (18) and Eq. (32),
respectively. But in the present section, we focus our attention on the fact that the stress intensity factor
for cracked T beam can be gotten under the condition of m!1.
Firstly, for the web-cracked multi-channel beam shown in Fig. 11, when m!1, the local status of stress
shown in Fig. 13(a) is identical with the ﬂange-cracked T beam shown in Fig. 13(b). If letting Mþm ¼ mMþ and
Nm = mN, from the Eq. (41), the following result for ﬂange-cracked T beam can be foundðKIÞT ¼ limm!1
p
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Fig. 13. (a) Web-cracked multi-channel beam under the condition of m!1. (b) Flange-cracked T beam.
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is identical with the result in work (Xie and Wang, 2004b).
Secondly, when m!1, from the ﬂange-cracked multi-channel beam shown in Figs. 12, 14 and Eq. (45),
the stress intensity factor for web-cracked T beam can be given byb
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Fig. 14. (a) Flange-cracked multi-channel beam under the condition of m!1. (b) Web-cracked T beam.
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6. Cracked composite channel beam
The web-cracked composite channel beam under bending and tension is shown in Fig. 15. The analysis pro-
cedure in the above section can be, as a sample, used to derive the stress intensity factor for the composite
beam. Based on the G*-integral theory, the crack surface widening energy release rate can be given byG ¼ twð1 l
2
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Fig. 15. Web-cracked composite channel beam.
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Eq. (70) will become Eq. (20).
7. On errors
In present paper, the conservation integral or conservation law is calculated by using elementary mechanics
except the K-dominant regions for cracked structural members. Hence, this method possesses character of ele-
mentary method. Some errors are inevitable, but it is good enough for practical engineering applications.
8. Conclusions
Structural beams are important engineering members. The cracks in these kinds of beams are a potential
threat to the engineering structures. The stress intensity factor is one of the key parameters in fracture analysis
such as in the integrity assessment and the failure risk analysis of structures. In present work, an analytical
method has been proposed to estimate stress intensity factors for cracked multi-channel beam and composite
beams. A series of the closed form solutions of the stress intensity factor have been found. Present discussions
show also that the G*-integral theory can be applied in an extremely simple manner to the inﬁnite boundary
problem such as multi-channel structures. More interesting is that the stress intensity factors for the cracked T
beam can be degenerated from the analysis of the multi-channel beam.
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